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presented. The approaches utilise the high-cycle accumulation (HCA) model to calculate
the permanent strain caused by the cyclic loading and are conceptionally similar to conven-
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Introduction

The prediction of permanent displacements caused by cyclic loading is important for the
assessment of the stability and serviceability of machine foundations, infrastructure objects
or structures subject to wind and water loading. In such cases the frequency of the cyclic
loading and the number of load cycles is very high and can be in the range of millions
of cycles. The cyclic loading causes wave propagation and thus strains in the soil. Often
the magnitude of this strain is so small that the soil responds fully elastically and no
permanent deformations accumulate, even if the number of load cycles is in the millions.
However, once a certain strain is exceeded, known as threshold strain, plastic deformations
occur and can accumulate with increasing number of load cycles.

There are a number of engineering (see e.g. Sawicki and Swidzinski, 1989; Lentz and
Baladi, 1981; Byrne and McIntyre, 1994; Li and Selig, 1996) and also more sophisticated
phenomenological (see e.g. Francois et al., 2010; Pasten et al., 2014) models that can be
used to estimate this accumulation of plastic strains. However, they are often derived for
a specific case and can not be applied for arbitrary soils in an arbitrary state. In addition,
if accumulation is accounted for in the model, inertia effects are often neglected or vice
versa. In general, the more sophisticated approaches require to perform finite element (FE)
simulations to calculate settlements, which may render them unhandy for applications in
practice.

A practical approach to predict the long-term response of foundations to cyclic loading
with high frequencies, which is applicable to any soil in any state, is presented in this work.
For this, the high-cycle accumulation (HCA) models are adopted (Niemunis et al., 2005;
Wichtmann, 2016), which were developed on the basis of a large number of triaxial tests
with a high number of loading cycles (more than 100,000 cycles) on various soils in various
states. The necessary incorporation of the threshold strain in the model is discussed and
different approaches are presented for its realization. In order to apply the HCA model for
simple practical problems, it is recast in 1D form, which allows to perform the calculations
analogously to conventional settlement analyses. Therefore, no complex FE simulations are
needed.

Shear strain, threshold shear strain and total strain

Shear strain and threshold shear strain

Shear strain is an essential parameter for the assessment of the response of soils to dy-
namic loading. With increasing shear strain, the stiffness of the soil decreases and the
accumulation of permanent strain or pore water pressures increases. According to Dobry
and Abdoun, 2015, expressing action in terms of shear strain offers important practical
advantages over the cyclic stress ratio (CSR) developed in the 1970s and still used in
earthquake engineering today to examine the risk of liquefaction.

Vucetic (1994) and Hsu and Vucetic (2004) showed that at shear strains v lower than



the volumetric threshold shear strain ;,, no significant volumetric strains accumulate
after a few cycles (10 < N < 200) in drained tests. The same applied to excess pore
water pressures built up in undrained tests. These criteria can be used for evaluations of
liquefaction triggering as a result of a few cycles, e.g. due to earthquakes. v, is very robust
according to Dobry and Abdoun (2015). In both clean and silty normally consolidated sands
Yo = 0.01 % (in the range of 0.006 - 0.02 %) is largely independent of the mean effective
stress, the exact number of cycles (10 < N < 200), the relative density, the nonplastic fines
content and the sand fabric (deposition method) (Dobry and Abdoun, 2015).

Evaluations of cyclic triaxial tests and resonant column tests in (Wichtmann and Tri-
antafyllidis, 2013; Wichtmann et al., 2015a), with much larger numbers of cycles (N >>
1,000), show a relatively robust threshold shear strain as well. However, compared to the
tests with lower number cycles reported in Vucetic (1994), a slightly lower threshold shear
strain 7, ~ 0.002 — 0.005 % for clean sand and 7, ~ 0.004 — 0.012 % for silty sand (in
dependence of the non-cohesive fines content) was observed. The values of 74, were found to
be rather robust in terms of stress, density and grain size distribution. From these results,
it is clear that determination of ~;, for a small number of cycles (e.g., several hundred, as
reported in Vucetic (1994)) and application to loading with a much larger number of cycles
is questionable.

Based on the aforementioned results, it is possible to distinguish between three ranges

of strain with different characteristic soil behaviour, as illustrated in Fig. 1. Below the
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threshold shear strain 74, no or only very small volumetric strains ¢
with a high number of cycles (Figs. 1a,b). Since the HCA model predicts the soil response
to a large number of load cycles, the lower range of the volumetric threshold shear strain
e is adopted to calculate the threshold strain amplitude 2™ used in the HCA model,

m

which is discussed in Section Threshold strain amplitude and its incorporation in the HCA

model.
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Fig. 1. Typical soil behaviour under cyclic loading in three different strain ranges (plots
a-c), with schematic v, = ¢, — &, vs. 7. = (0, — 0,)/2 diagrams from drained cyclic triaxial

tests. €2 is the permanent volumetric strain in cycle ¢.



Conversion from shear strain to total strain

The HCA model uses the total strain € and the (total) threshold strain amplitude 2™,

lim
Therefore, a conversion of the shear strain v and the threshold shear strain v, into € and

mpl

oP"is required. The total strain ¢ is defined in general form in Eq. (1):

al
€l

e=|le]| = \/&fm +e2, e, tel, ten, ten, +er, +ed, el (1)

In a simple shear test, the shear strain v = ~,, is defined as u,/Y, see Fig. 2, left. For
small strains v,, = 2e,, ~ u,/Y +u,/X applies, with u,/X ~ 0. The total strain ¢ is then
given by Eq. (1) with e,y = gy, = 1/27,,:

€= \/(%%ﬂy)2 + (%m? = % Yoy = % Y (2)
In torsional shear tests and in resonant column tests the shear strain + is also used (Vucetic
and Dobry, 1988; Jamiolkowski et al., 1994) and Eq. (2) is valid.

However, in a triaxial test, the shear strain -, is defined as v, = ¢, — e, with the vertical
strain ¢, = w,/Y and the horizontal strain ¢, = wu,/X, see Fig. 2, right. The principal
strains are €, > ¢, = €, = —v g, with the Poisson’s ratio v and the other shear strain
components are zero. The total strain ¢ is given by Eq. (3) and the shear strain ~, is defined
in Eq. (4). It should be noted that ~, is convert to v with the factor v/3/2, because of the
conversion of the equivalent invariant shear strain, see explanations in Wegener and Herle
(2012) and Section 2.4.3 in Wegener (2013). Based on Eq. (4), this results in Eq. (5).

=\ Je2 4 2Avg)? = VIH2 e, (3)
Ye=¢ey—ex=(1+v) g (4)

v=2/V3-7=2/V3 (1+v)-¢, (5)

From Egs. (3) and (5) a relation between € and v for triaxial tests results, given by Eq.

(6):

(6)

E =

\/_§ V1+2 12 y
2

1+v
The relation between ¢ and ~ for triaxial tests depends on v. It results for
e v =0.30 (drained): € ~ 0.724 - v ~ 1.023//2 - v,

e v =0.40 (drained): £ ~ 0.711 - 7y =~ 1.005/+/2 - v and
e v =0.50 (undrained): e = 1/4/2 -7 as in Eq. (2) for simple shear tests.

From the previous considerations it can be concluded that Eq. (2) can generally be used

as an approximation, i.e. € = 1/\/§ .



a)
Y
‘ gy =UY/Y
Y
»HHX ex =Ux /X

X ‘X =r

Fig. 2. a) Shear strain v = ., in a simple shear test; b) Principal strains ¢, and ¢, with
shear strain 7, = €, — €, in a triaxial test

The HCA model, its 1D formulation and threshold

strain amplitude

HCA model

The simulations with the HCA model are conceptually divided into a low-cycle (sometimes
denoted as ”implicit”) and a high-cycle (sometimes denoted as ”explicit”) mode. In the
low-cycle mode a conventional calculation is performed using a common constitutive model
(a simple elastic model is used in the present study). The strain amplitude P!, which
can be interpreted as a state variable of the HCA model, is determined in each element
based on the strain path recorded during an individual load cycle. As depicted in Fig.
3, this can either be the second cycle or a so-called update cycle. Based on the recorded
six-dimensional strain path (six independent components of the strain tensor for 3D cases),
the strain amplitude is defined as the Euclidean norm of six spans which are obtained by
consecutive projection (degeneration) on (hyper-) planes (for details see Niemunis et al.,
2005).

In the high-cycle mode the accumulation trend is predicted by the HCA model for a given
number of loading cycles, using the evaluated strain amplitude as input. This calculation
strategy is illustrated in the scheme of Figure 3. During the high-cycle phases the strain
amplitude is assumed constant. The field of the strain amplitude can be updated in an
update cycle, which is simulated in the low-cycle mode again. Alternatively, the adaptive
strain amplitude proposed in Staubach et al. (2022a) can be used, which allows for a
continuous update of 2Pl During the high-cycle phase only the changes of the average
values of stress, strain and other state variables for a given increment AN of the number
of cycles are calculated.

In the high-cycle mode, stress and strain rates are interrelated by:
o =E: (e —&" —¢&) (7)

Therein, the stress rate & of the effective Cauchy stress o (compression positive), the strain
rate & (compression positive), the accumulation rate €, a plastic strain rate é” (necessary
only for stress paths touching the yield surface) and the barotropic elastic stiffness E are
used. In the context of HCA models the dot over a symbol denotes the derivative with
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Fig. 3. Calculation strategy for simulations with the HCA model. The strain amplitude
e2mPl is determined from the second load cycle calculated with a conventional constitutive
model. Only the strain accumulation trend is predicted in the high-cycle phase.

respect to the number of cycles N (instead of time ¢), i.e. Ll = U /ON. Depending on the
boundary conditions, Eq. (7) predicts a change of stress (& # 0) and / or an accumulation
of strain (€ # 0).

For €% in Eq. (7) the following multiplicative approach is used:

gace _ gace o (8)
with the direction of strain accumulation (flow rule) m = &%¢/||e*|| = (€*)~ (unit
tensor) and the intensity of strain accumulation £2°¢ = [|£€%“°||. The flow rule of the Modified
Cam Clay (MCC) model is applied for m.

The intensity of strain accumulation £ in Eq. (8) is calculated as a product of six
functions (Niemunis et al., 2005):

éam:fampl fN fe fp fY f7r (9)

each considering a single influencing parameter (see Table 1), i.e. the strain amplitude P!
(function fampl), the cyclic preloading ( f, using the preloading variable g which weights

ampl

the number N of applied cycles with the strain amplitude of these cycles), void ratio
e (f.), average mean stress p* (f,), normalized average stress ratio Y® (fy, Y = 0 at
isotropic stresses, Y = 1 at critical stress ratio) and the effect of polarization changes
(fr = 1 for a constant direction of cyclic loading). Note that the term C, — e*" in function
fe is not allowed to take positive values, i.e. it is zero for C, — e* > 0. The function f.

tends to zero as the void ratio tends to the value of parameter C,, i.e. reaching a so-called



Function Material
constants
) Eampl Campl
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fN = f]1\4[ + fﬁ ) Cni
fﬁ = Cn1Cn2 exp {_#fampl} Cho
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= —C) | —1 C
Jo=exp | =Gy (100 kPa ) P
Jy =exp (Cy Y™) Cy

Table 1. Summary of the functions and material constants of the HCA model. Note that
fr = 1 holds for constant polarization, which is why its function is not given here. It is
discussed in Wichtmann, 2005.

terminal void ratio (Narsilio and Santamarina, 2008). This is also the reason for f. = 0 if
C. —e™ > 0.

The equations of the HCA model are based on comprehensive experimental parametric
studies documented in Wichtmann (2005) and Wichtmann et al. (2005). For a more detailed
discussion of the HCA model the interested reader is referred to Niemunis et al. (2005) and
Wichtmann (2016). The parameters of the HCA model can be determined from experiments
(Wichtmann et al., 2010; Wichtmann et al., 2015b) or estimated based on granulometry or
simple index quantities (Wichtmann et al., 2009; Wichtmann et al., 2015b). In a very recent
study (Birrell et al., 2022), probabilistic characterisation of the HCA model parameters and

Bayesian parameter estimation were undertaken.

Simplified HCA model for 1D analyses

In order to allow for an analytical calculation of the strain accumulation below a foundation
analogously to a conventional settlement analysis, a simplified HCA model for 1D analyses

is derived in this section. The following assumptions are made:

e 0 = 0: The accumulation of strain due to stress cycles is not prevented by boundary
conditions, which results in constant average stress. For example, this is the case
in a drained cyclic triaxial test, where an unrestrained accumulation of strain can
occur. It is also a justified assumption for the settlement analysis of foundations since
the soil is rather free in accumulating strains. However, the relaxation of stress due
to densification is not accounted for. The assumption of & = 0 has also relevant
implications for the application of the simplified version of the HCA model to the
simulation of a dynamic boundary value problem. For this it has to be assumed
that the accumulation of permanent strains does not lead to a change in the mean

7



acceleration. In that case it is sufficient to calculate the strain amplitude in a dynamic
analysis and perform the high-cycle calculation neglecting the inertial forces, as their
effect is included in the strain amplitude. The larger the stress rate, the less justified
is the assumption that the average acceleration is constant, since the momentum

balance then requires changes in acceleration to ensure equilibrium.

e ¢P! = 0: The stresses never reach the failure surface. Since & = 0 holds, and the
initial stress is within the Matsuoka-Nakai surface, this assumption is automatically
satisfied.

Because the direction of strain accumulation m is not required for 1D conditions, the
following simple form of Eq. (7) is obtained adopting the assumptions listed above:

é:éaCC:fampl fN fe fp fY (10)

Threshold strain amplitude and its incorporation in the HCA

model

In order to incorporate the threshold strain amplitude described in Section Shear strain and
threshold shear strain into the HCA model, three different approaches are schematically
shown in Fig. 4. Up to now, the function famp is (usually) a non-linear function in ™!
not considering 6i$pl (or only a very low value of 10~7), which is indicated by the dashed

line in Fig. 4. To incorporate sﬁﬁpl, three approaches are investigated:

m

1) Setting the function famp to zero for gampl < elaimpl but using the regular function for
Eampl ampl

> e le.
ampl ampl
0 . for ¢ < €im
= ampl ampl 11
Jarmp! c for gampl > gampl &
10_4 lim

p

2) Considering £ : directly in the function of fampi, i.e.

ampl ampl
0 . for ¢ < €
— ampl __ .ampl ampl
fampl 9 Ehim for garnpl > gampl (12)
1074 lim

Without modifying Cypmpi, this will result in a shift of the value of f,,p with respect

ampl compared to the first approach and therefore a lower accumulation for all

ampl

to €
values of ¢

3) In approach No. 3, Eq. (12) is adopted as well but the parameter Cypp is calibrated

anew such that with increasing ™!

the original function of fymp is obtained. This
procedure is equivalent to considering Eq. (12) already when calibrating the parame-

ters based on drained cyclic triaxial tests. Since the different functions and parameters

8



of the HCA model only work as a set, all parameters potentially change when Cjp

is adjusted.

f
A ampl

no accu-
mulation

Fig. 4. Different approaches to incorporate a threshold strain amplitude into the function
f ampl

Considering that approach No. 3 is rather cumbersome, since none of the existing HCA
parameter sets for various soils can directly be used but a re-calibration of parameters
is required, approaches Nos. 1 and 2 offer a far more convenient solution. The practical
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Fig. 5. Calibration of the parameter Cyyp based on four drained cyclic triaxial tests with

ampl ampl

different strain amplitudes considering different values of or €. , respectively

lim

application of approach No. 3 is discussed in the following. Table 2 gives the HCA param-
eters of Karlsruhe fine sand (KFS) (Dsy = 0.14 mm, Cyy = 1.5), for which the calibration
procedure is described in detail in Wichtmann (2016). This calibration has been performed

9
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Fig. 6. Calibration of the parameters C,, C, and Cy based on drained cyclic triaxial tests

with different void ratio, mean effective stress and stress ratio considering yﬁgpl =3-1075.
The parameters Cy1, Cy2 and Cys are determined using the results of all triaxial tests.

without considering ej " ! In Fig. 5 the calibration of Cyyp is shown for different values
ampl
lim

ampl
lim

considered, see Section Shear strain and threshold shear strain. Four drained cyclic triaxial

of e considered in Eq. (12). Typical values of ¢ found in experimental studies are
tests with varying deviatoric stress amplitude, but identical average stress ratio, identical
average mean effective stress and similar initial void ratio are used for the calibration of
Campi- For each test the accumulated strain £ divided by the void ratio function f, of
the HCA model is given for a different number of cycles N. By dividing ** by f., it is
considered that the initial void ratio differs slightly from test to test and is reduced with
increasing number of cycles, the latter being more pronounced in case of higher strain

act is eliminated.

amplitudes. By the division of f, the influence of the void ratio on ¢
The curves approximating the experimental data for a certain number of cycles have been
obtained from a curve-fitting using the function f,m, resulting in Cympr. This is done con-
sidering three different values of 42 0,1-1075, 3-1075 and 5- 107°. The corresponding
values of 6ﬁ$pl are given by the dashed vertical line in each plot. Table 2 gives the values of

Campl for each value of yampl with the Cympi values representing average values determined

lim

from the individual values obtained for the different numbers of cycles. The results of the

calibration of the other parameters of the HCA model are given for one specific value of
ampl

Pt = 3-107° in Fig. 6. The optimal parameters for all considered values of ~pmpl

lim T€

summarised in Table 2.

10



’ 7amp1 ‘ e’:‘ampl H Campl ‘ Ce ‘ Cp ‘ Cy ‘ Cn1 [10_4] ‘ Cn2 ‘ Cns [10_5] ‘

lim lim
0 ] 0 | 132 060|024 174 3.03 [037] 236 |
1-107° [ 0.71-107° || 1.29 | 0.61 | 0.23 | 1.72 3.31 0.38 2.30

3-10°[212-107° ] 1.22 [0.62]0.21 | 1.70 3.95 0.37 2.33
5-107° [ 3.54-10"° || 1.15 | 0.62 | 0.19 | 1.68 4.50 0.37 2.33

Table 2. Parameters of the HCA model for Karlsruhe fine sand (KFS) for different values
of g2m!

lim
Long-term settlement analysis of a dynamically loaded

shallow foundation

Task definition

According to an example of the "Empfehlungen des Arbeitskreises Baugrunddynamik”
("Recommendations of the working group Soil Dynamics”) (DGGT, 2018), permanent
displacements of a machine foundation shall be determined. The geometry and mass of the
machine foundation are given in Fig. 7.

The data of the machine and the foundation are as follows

e Cyclic vertical load amplitude Py = 4.0 kN,
e Frequency of the cyclic load f = 16.0 Hz,

Angular frequency of the cyclic load Q =2 -7 f = 100.5 Hz,

Mass of the foundation mpr = vz -2a-2b-h = 25 kN/m?3- (2.60 m)?-1.00 m = 16.9 t,

Total mass of the machine mj; = 15.0 t.

Analytical approach

The analytical calculation is performed in analogy to a conventional settlement analysis.
The subsoil is divided into several layers in order to take into account the non-linear distri-
bution of the additional stress due to the foundation. The following steps are performed:

1) The cyclic displacement amplitude U, (in steady state) and the velocity amplitude
V, = Q- U, of the foundation are calculated using the angular frequency of the cyclic

load €2, see Section Cyclic displacement and velocity amplitude of the foundation.

2) The velocity in the middle of a layer in the depth z; is estimated, based on the wave
propagation in elastic half spaces (see e.g. Achenbach, 1980; Haupt, 1986), by:

V. for z; <rg
‘/zi = i " 13
’ V. (2—> cemazTm) for 2 > 1 (13)

11
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Fig. 7. Geometry and mass of the machine foundation. Division of the subsoil into layers
i with distance z; between bottom of foundation and centre of each layer

with the approximate coefficient for geometrical damping n = 1 for the wave prop-
agation for nearly a point load on a half space. n is 1.0 for pure Rayleigh waves
and 0.50 for shear and compression waves. The coefficient for material damping is
defined as a =~ 27 - D/X\ with the damping ratio D = 0.02 and the wavelength
A =c¢/f =211 m/s/16 Hz = 13.2 m. n = 1 is adopted for the analyses presented
later.

The shear strain can roughly be estimated using the shear wave velocity ¢, for dynamic
problems for f > 10 Hz or f > 0.4f, with the frequency-independent, undamped
natural frequency fy = 1/(27)/K,o/m where in the example the total mass is m =
319 t and K, = 784,000 kN/m according to Eq. (17). The wave propagation can
be attributed to an approximately one-dimensional problem and, according to the
derivations in Achenbach (1980), the shear strain is approximated by:

| &

Cs

Yi ~= (14)
For more accurate calculations and low-frequency excitations the shear strains should
be calculated by FE analyses, according to Section Semi-analytical approach.

The strain amplitude entering the HCA model is calculated by ™™ = ~;/1/2, according

to Section Conversion from shear strain to total strain.

Calculation of the initial vertical and horizontal stress o, and o, due to gravity in each
layer considering the additional static load of the foundation and the machine using
analytical solutions for elastic half-spaces. The stress is determined in the characteristic

point.

12



6) Calculation of the average mean stress p*¥ = (o, + 2 - 0)/3, the deviatoric stress
¢ = o0, — o, and the stress ratio n* = ¢*'/p*’. The lateral stress coefficient K =
on/o, = 0.50 yields p* =2/3-0,, ¢ =1/2 -0, and ™ = 0.75.

7) The accumulated strain at a number of cycles NV following Eq. (10) is obtained by:

e°°(N) = fampli fe,i(IN) foi frii fni(V) (15)

The change in void ratio entering Eq. (15) by f.;(/V) is taken into account using the

mass balance of the solid phase:

eV (N) = e™(N — AN) + £2°(N) - [1 + e™(N — AN)] (16)

K3 K3

8) The settlement is obtained by integration of the accumulated strain in each layer

Cyclic displacement and velocity amplitude of the foundation

The cyclic displacement amplitude U, of the foundation depends on the frequency-independent
spring stiffness K, o of a substitute circular foundation with a radius of ro = \/4/7-a =
4/m-1.30 m = 1.47 m, which is given as follows (Richart et al., 1970):

4-G-ryg 4-80 MPa-1.47 m

K,o= —
0 1—v 1—0.40

= 784,000 kN/m (17)

The dimensionless frequency ag results from the excitation angular velocity (2 = 100.5 Hz
in Eq. (18).

a-2  1.30 m-100.5 Hz

- — 0.62 1
%= 211 m/s 0.6 (18)

For ay and b/a = 1.0 the spring stiffness coefficient is k..o = 0.94 and the damper
coefficient d.. oo = 0.92 according to Fig. 8 (Fig. E3-9 from DGGT, 2018). The frequency-
dependent spring stiffness K, o is calculated by Eq. (19) and the frequency-dependent
damper C, o by Eq. (20).

K.,o=K.0 k.00 =784,000 kN/m - 0.94 = 737,000 kN/m (19)
Qo 0.62

CZ,Q = KZ70 il dzz,()_>Q = 784, 000 kN/m . m

5 £0.92 = 4,450 kN/(m/s) (20)

The cyclic displacement amplitude U, of the foundation is obtained from Eq. (21) as the
quotient of the excitation force amplitude and the absolute value of the complex spring

13
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Fig. 8. Spring stiffness coefficient k., ,o and damper coefficient d;, oo modified from
DGGT, 2018, Fig. E3-9 based on (Pais and Kausel, 1988; Gazetas, 1991).

stiffness (DGGT, 2018):

A P,
U. = |UZ| = (21)
VFon—m-0FF T @ CogP
B 4.0 kN
/737,000 kN/m — 31.9 t - (100.5 Hz)?]® + [100.5 Hz - 4, 450 kN/(1n/s)]2
=6.56-10"° m
The cyclic velocity amplitude V, bis given by Eq. (22):
V,=Q-U, =100.5 Hz-6.56 - 107° m = 0.66 mm/s (22)

Semi-analytical approach

The analytical calculation requires a number of assumptions, in particular for the cal-
culation of the strain amplitude as given in Eq. (14). Therefore, as an alternative, the

calculation of the strain amplitude ;™ ' can be carried out in the framework of a FE simu-
lation. A simple elastic dynamic calculation is sufficient to calculate the strain amplitude.
The FE-model is described in the next section. The strain amplitude can be determined in
the middle of a layer ¢ in the characteristic point, i.e. in the distance of 0.845-rq = 1.24 m,
as the Frobenius norm of the distance of minimum and maximum strain. Only if the load-
ing is not sinusoidal, the projection procedure described in Section The HCA model, its 1D
formulation and threshold strain amplitude is required. The steps 1) to 5) in Section An-
alytical approach are not necessary in the semi-analytical approach. The strain amplitude
obtained from the FE analysis is then inserted in Eq. (15) to calculate the accumulated

strain and the settlement of the foundation.
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Finite element approach

The specifications of the model, the material parameters and the meshing are shown in
Fig. 9. The FE program numgeo (Machacek & Staubach, see Machacek (2020), Machacek
et al. (2021), Staubach et al. (2022¢), and Staubach et al. (2023a) and www.numgeo.de) is
used. The quadratic foundation in Fig. 7 is replaced by a circular foundation with identical
area having a radius of ro = 1.47 m.

Linearly interpolated axisymmetric elements with four nodes and one integration point
are used. The hourglass stiffness is set to 100 kPa. The stress below the foundation results
from the dead weights of the machine and foundation, which amounts to o3¢ = 47.1
kPa. An additional dynamic stress ™, with a sinusoidal time-history and a frequency of
16 Hz, is considered, the amplitude of which is varied. The soil is modelled linearly elastic

with the parameters given in Table 3 during the low-cycle phase of the calculations.

Axis@

> & iz
X {0 S
SE LY © e
£ 8 ] 5
3 gg o) 2
24
on
<
30m
Fig. 9. Model specifications and mesh
Density | Shear modulus | Damping ratio | Poisson’s ratio | Shear wave vel. Stress ratio
p [g/cm’] G [kPa] D[] v [ ¢s [m/s] K=oy /0y []
1.80 80,000 0.02 0.40 211 0.50

Table 3. Soil parameters adopted for the example

The time integration is performed using the Backward Euler (BWE) scheme, which re-
sults in a rather strong numerical damping. In preliminary simulations the results were
compared to the Hilber-Hughes-Taylor (HHT) scheme, which allows to adjust the numer-

ical damping and minimize its effect. Using parameters resulting in minimum numerical
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damping, the displacement amplitude of the foundation during application of o®" was
approximately 10 % higher with the HHT scheme compared to BWE. However, since the
displacement amplitude of the foundation obtained from the FE simulation is used as an
input to the analytical calculation, this does not influence the outcome of the comparison
of the two approaches. Besides numerical damping, Rayleigh damping is considered with
the parameters a = 2.681 and S = 0.0001326 resulting in a damping ratio of approximately
D =2 % at a frequency of 16 Hz, see Table 3.

The foundation and soil do not share nodes. A mortar contact discretisation scheme is
employed to enforce the non-penetration condition (Staubach et al., 2022¢). No friction
between soil and foundation is considered.

Lysmer/Kuhlemeyer dampers with the parameters C; = Cy = 1.0 are placed at the
bottom and right edges of the FE-model to avoid any reflections. More details on the kind
of absorbing boundaries implemented in numgeo can be found in Machacek (2020) and
Schmiidderich et al. (2022). The dimensions of the soil area are 30 x 30 m. This is more
than twice the wavelength A = ¢,/ f =211 m/s/16 Hz = 13.2 m.

The following steps are performed:
1) Simulation of 9 cycles (9/16 Hz = 0.5625 s) using time increments of At =5-107* s

2) Recording of the strain path in the 10th cycle (between 0.5625 s and 0.625 s)

3) After the recording cycle, a "resting step” with a duration of 0.3 s is introduced
to take into account the decay of the wave propagation. Deactivation of the cyclic
load, further wave propagation with damping at the boundaries. Time increments of
At = 0.002 s are used (more numerical damping).

4) Static HCA step with a duration of 10° - 0.0625 s = 62,500 s without cyclic loading
but with consideration of o5t The left, right and bottom boundaries of the model

are fixed in orthogonal direction for this step.

For the analytical and semi-analytical calculation the half-space is divided into 5 layers
with a thickness of 0.2 m from 0 to 1 m below the foundation and 9 layers with a thickness
of 1.0 m from 1 to 10 m below the foundation. In a depth > 10 m the strain amplitude
g¥?l is so small that no accumulation of permanent strains is expected and no further
layers are required. Preliminary investigations showed that even for a much lower number
of layers (5-10) the results are independent of the number of layers.

Low cyclic amplitudes

Initially, the focus is on foundations being subjected to low cyclic amplitudes, with a ratio
of the cyclic amplitude to the self-weight of the foundation in the range of 1-5 %. This is the
range of relevant loading conditions for rotating machines used for grinding or milling as
well as vibrations caused by cooling systems. Typically, the cyclic loading is characterised
by a high frequency (> 10 Hz) and a large number of load cycles (> 10°%). The high loading

frequency necessitates the consideration of inertia effects in the calculation. The amplitude
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of the cyclic loading is o™ = 4 kN/(7 - r2) = 0.59 kPa. Initially, the HCA parameters
without considering the threshold strain amplitude given in Table 2 are considered.
Figure 10a displays the vertical displacement of the foundation during the application
of 10 cycles, of which in the last cycle the strain path is recorded (dark grey phase). It is
well visible that only one cycle is required until a steady-state is reached, which is due to
the wave propagation in the system. Following the cyclic loading, the resting period (light
grey phase) allows for dissipation of all waves and the foundation comes to rest without
having accumulated any permanent settlements. The strain amplitude calculated based on
the recorded strain path is given in Fig. 10b for a vertical path below the foundation in
the symmetry axis, below the characteristic point and at the corner of the foundation (see
Fig. 9). In addition, the distribution resulting from the analytical (simplified) approach
using Egs. (13, 14) is displayed. The analytical approach gives a good approximation of
the distributions obtained from the FE analysis but tends to slightly overestimate the
strain amplitude below the foundation and in greater depths. For the FE simulation, the
strain amplitude in the symmetry axis and below the characteristic point first increases
and then decreases with increasing depth below foundation. This is because of the higher
stresses or strains close to the foundation corner according to analytical solutions for the
stress distribution below rigid foundations (see e.g. Boussinesq’s solution). With greater
depth the strain amplitude tends to a more homogeneous distribution in radial direction

as the loading due to the foundation is spread over a larger soil volume.

a) recording step b)
-g 0.010 ™ 1 0
£ 0.3 s resting step E ] ) a(/_
€ 0.005 —A-f-p- S 2
9] 2 - %
] c 4
& 0.000 \ 3
L Ay aEr T
° (] —&— FE: Charact. point
.8 —0.005 v v v g 8 ¢ —e— FE: Symmetry axis |
£ s —e— FE: Foundation corner
g a | \ \
> -0.010 10
0.0 0.2 0.4 0.6 0.8 1.0 0.00 0.05 0.10 0.15 0.20 0.25 0.30
Time [s] Strain amplitude [107°]

Fig. 10. a) Vertical displacement of the foundation during application of 10 cycles and
a subsequent resting phase. The time frame which is used to record the strain path is
highlighted in dark grey. b) Vertical path of the strain amplitude £2™P! below the founda-
tion given in the symmetry axis, below the characteristic point and at the corner of the
foundation for the FE simulation as well as the distribution obtained using the analytical
approach.

Following the resting phase, 10° cycles are simulated using the HCA model. The set-
tlement of the foundation versus the number of cycles is given in Fig. 11 for the results
of the FE simulation, the analytical and the semi-analytical calculation. The strain am-
plitude below the characteristic point obtained from the FE simulation is used as input
in the latter case. A small deviation between the FE simulation and the (semi-)analytical

approach is found, which can be attributed to an altered stress ratio due to the self weight
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of the foundation not considered in the (semi-)analytical approach. The self-weight of the
foundation increases the factor fy below the foundation in case of the FE simulation, re-
sulting in higher accumulation rates during the high-cycle phase. This is further discussed

in Section Discussion.

0.00 p=——0

2 IR
o _
< 0.10 k
9]
& -0.15
Q —6— FE ﬂ
]
© —0.20 — —&=— Analyt. (s
] —e— Semi-Analyt.: €' from FE
£ —0.25 —
§ .
-0.30

10° 10t 102 103 104 10° 10°
Number of cycles [-]

Fig. 11. Vertical displacement of the foundation during the high-cycle phase for the FE
simulation and for the analytical approaches using either the strain amplitude distribution
obtained by the simplified formula or the distribution calculated in the FE simulation
(characteristic point).

For this example the strain amplitudes are in the range of 2 - 1079, which is much lower
than the threshold strain amplitude levels introduced in Section Shear strain and threshold
shear strain. Therefore, technically no accumulation of deformations is expected to occur.
However, the HCA model nevertheless predicts permanent deformations. This is because
the threshold strain amplitude is not considered in the original HCA equations. In the next
section the different strategies to incorporate the threshold strain amplitude are analysed.

Large cyclic amplitudes

For some foundations the cyclic loading amplitude is higher than 10 % of its self-weight. In
this case, settlement due to the accumulation of permanent strains occurs. An amplitude
of o%¥™ = 11.8 kPa is adopted for the simulations in this section, which is 20-times higher
than in the previous section and amounts approximately 25 % of the load due to the total
mass of the machine and the foundation. Because the material behaviour is considered
fully elastic, the displacements and the strain amplitude are exactly 20-times higher than
in the calculations shown in Fig. 10. The results of the analytical calculations and the
FE simulation for the high-cycle phase are given in Fig. 12. Compared to the simulations
with the lower cyclic amplitude, smaller differences between the analytically calculated
settlement and the FE solution exists, and an almost perfect match is found regardless
of whether the strain amplitude of the FE simulation is used as input for the analytical
calculation or the analytical approach is applied. As will be explained later based on Fig.
17, the accordance is better for the larger cyclic amplitude compared to the lower amplitude
because the function fy tends to change in the FE simulation towards a value corresponding
to a K, stress state, which is a priori assumed in the 1D (semi-)analytical analysis. Such
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a change in fy does not take place for the lower loading amplitude because the stress is
almost unaffected by the high-cyclic loading in that case.

0.0 P=—=—0u]

—
£ =25
= X
o _
£ 5.0
]
o —7.5
2 —— FE w
B —10.0 — —=— Analyt.
© —o— Semi-Analyt.: €amp from FE
5 -125 —
g I
-15.0

100 10! 102 103 10% 10° 106
Number of cycles [-]

Fig. 12. Vertical displacement of the foundation during the high-cycle phase for c®" =
11.8 kPa for the FE simulation, the analytical and semi-analytical approach

The different strategies to incorporate the threshold strain amplitude are discussed in
the following. In Section Threshold strain amplitude and its incorporation in the HCA
model, the parameters of the HCA model for Karlsruhe fine sand (KFS) have been (re-
)calibrated considering the threshold strain amplitude and are given in Table 2. Figure
13a displays the FE results using the different approaches with the parameters of KFS
for 42! = 0 and ™' = 107°, respectively. The parameter set calibrated considering
AEmPh — 1075 is denoted as Cj(el™"). The other simulations all consider the parameter

: . 1
set derived assuming "

lim

= 0. Comparatively large differences between the predicted

settlements from the different approaches are observed, despite the relatively low value
of fyampl

lim

. While the approach with a jump in famp (approach No. 1 in Section Threshold
strain amplitude and its incorporation in the HCA model) gives results very close to the
simulations without any consideration of vﬁﬁpl, the approaches using a smooth function
fampi Tesult in less accumulated deformations. As expected, the approach using the modified

parameter set gives slightly larger deformations compared to approach No. 2 using the

pl

original parameter set, because the consideration of 4" in the calibration necessitates

parameters resulting in higher accumulation to fit well to the experimental results.

ampl
lim >

The difference between the approaches increases with increasing value of - as is

visible from the results of the simulations presented in Figs. 13b and 14a.
Figure 14b compares the semi-analytical results with the FE simulations, using different
values of 7!

the characteristic point of the foundation is used for the analytical results and the parameter

in both cases. The strain amplitude obtained from the FE simulation below

set for v2™P' = 0 is adopted. The differences between the semi-analytical and the FE results
are small, proving the suitability of the semi-analytical approach.

The spatial distributions of the function fump for the different values of threshold strain
amplitude considered in Figs. 13a,b are depicted in Fig. 15. Approach No. 2 is adopted for
Figs. 15b,c and the parameter Cjy,p calibrated considering 7ﬁ$pl is used for the calculation
of fampi- For yﬁﬁpl = 3-107° in Fig. 15¢c only a very small soil zone below the foundation

corner shows values of fynp larger than zero. Accumulation of permanent deformation
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Fig. 15. Spatial distributions of the function famp of the HCA model without threshold
strain amplitude (plot a) or for different values of the threshold strain amplitude (plots b
and c)



Variation of material parameters and loading frequency

In this section, the calculations are performed adopting a HCA parameter set for so-called
Berlin sand. This is a well-graded sand with a median grain size of Dj; of 0.55 mm and a
coefficient of uniformity of C'y of 3 which is much more prone to strain accumulation under
cyclic loading compared to the KFS. The HCA parameters are given in Table 4.

’ C1ampl ‘ Oe ‘ Cp ‘ CY ‘ CNI [10_3] ‘ CN2 ‘ CN3 [10_5] ‘
| 17 ]0371]0417[2573] 3.08 [0.0166 | 7.88 |

Table 4. Parameters of the HCA model for Berlin sand

The results of the analytical calculations and the FE simulation using the same loading
as in Section Large cyclic amplitudes are given in Fig. 16. Compared to the simulations for
KFS, larger differences between the analytically calculated settlement and the FE solution
exists, despite using the strain amplitude of the FE simulation as an input for the analytical
calculation. The reason for this is the considerably larger settlement, causing the average
stress below the foundation to change more with the number of cycles, which is only
accounted for by the FE simulation. This stress change influences the functions fy and f,
of the HCA model, with the first being the more decisive influencing factor for the deviation
of the two solutions. For the first =~ 1, 000 cycles the solutions are in good agreement because
the functions fy and f, still have a similar magnitude in both approaches. It should be
noted that a permanent settlement of ~ 100 mm at N = 10° would certainly exceed the
serviceability of the foundation and the example is for academic purposes, illustrating the

limits of the analytical approach.
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Fig. 16. a) Vertical displacement of the foundation during the high-cycle phase for the
FE simulation and the semi-analytical approach adopting the HCA parameters of Berlin
sand. b) Vertical displacement of the foundation at N = 10° for different frequencies of the
cyclic load using the analytical and semi-analytical approaches without or with a threshold
shear strain amplitude of 'yﬁzpl =3-107°.

Up to now, only simulations with a loading frequency of 16 Hz have been discussed.
However, as outlined in Section Analytical approach, the formulas used to calculate the

cyclic velocity amplitude V, and the shear strain in Eq. (14) are not applicable for arbitrary
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frequencies. For instance, if the cyclic loading is very slow, V, tends to zero, indicating that
the shear strain is also negligible. However, in reality, the strain amplitude can still be
large, resulting in permanent settlement. Figure 16 shows the vertical displacement of the
foundation at N = 10° for different frequencies of the cyclic load using the analytical and
semi-analytical approach without or with a threshold shear strain amplitude of A2 = 3.
10~°. The HCA parameters for Berlin sand are adopted. It is well visible that for frequencies
< 10 Hz the full analytical approach results in an underestimation of settlements, which is
caused by an underprediction of the values for the shear strain amplitude. The reason that
the settlement reduces for larger frequencies is due to a smaller displacement amplitude of
the foundation, which is an outcome of Eq. (21). To resolve this issue, the strain amplitude
in the analytical approach should be calculated by employing analytical solutions for the
stress distribution below a foundation for frequencies 5 10 Hz. The additional stress due
to the cyclic loading is then divided by the soil stiffness, giving the strain amplitude.
An iterative procedure may be required if the dependence of the stiffness on the strain

amplitude is considered.

Discussion

The simulations presented in the previous section demonstrate the suitability of the pro-
posed analytical approach. The calculation of the strain amplitude using the simplified Eq.
(13) and Eq. (14) can serve as a basis for a first estimation of the long-term settlement. For
more precise predictions and lower load frequencies, however, FE simulations to determine
the spatial distribution of the strain amplitude should be performed. These simulations are
rather straightforward since they usually can be performed using a linear elastic material.
No implementation of the HCA model in a FE software is required for the analytical or
semi-analytical approach.

A key difference between the (semi-)analytical and the FE approach is that the factors
fv and f, considering the influence of the stress on the accumulation rate change only
in the FE simulation. Figure 17 shows the factors f., fy and f, at the start of the high-
cycle phase (N = 0, Fig. 17a) and at N = 10° (Fig. 17b) using the original parameters
of KFS and A2™"' = 10~°. The weighting of the three functions in the calculation of the
strain accumulation is identical. Therefore, taking into account the range of values, the
factor fy is the most crucial factor, which varies strongly both spatially and temporarily.
Both f. and f, vary by 10 % - 20 % spatially and with N while fy varies by 500 %.
Interestingly, fy tends to a more homogeneous distribution with increasing N, which is
closer to the distribution assumed in the (semi-)analytical calculation. This explains why
the accordance between FE simulation and (semi-)analytical calculation is better for the
large loading amplitude considered in Section Large cyclic amplitudes compared to the
low loading amplitude chosen in Section Low cyclic amplitudes. In case of the low loading
amplitude, the factor fy used in the FE simulation maintains its initial distribution shown
in Fig. 17a during the HCA phase, which results in higher accumulation compared to the
(semi-)analytical approach.

22



a) fo fy fo
>0.37 0.36 <0.35 >5.6 33 <1 >13 1.2 <1.1
I T aEs B e

. .
b)
. .

Fig. 17. Spatial distribution of the factors f., fy and f, of the HCA model at N =0 (a)
and N = 10% (b) for KFS and 2™ = 1075

lim

In general, the simplified approaches are only valid if the change in stress due to cyclic
loading is small, which means that the settlements of the foundation are also not too large
(few centimetres maximum). For most foundations this will be the case, so it is not a
relevant shortcoming of the approaches.

From the results presented in Section Large cyclic amplitudes, it is clear that the mag-

nitude of the threshold strain amplitude ’yampl and the approach adopted to incorporate

lim
it in the HCA model play a key role in predicting the permanent settlements. In general,
the approaches Nos. 2 and 3, without a jump in the function famp, are considered more
meaningful. Approach No. 3 is superior to approach No. 2 because the threshold strain
amplitude is accounted for in the calibration process, but it requires a new calibration,
which is a disadvantage considering the large database of existing parameter sets for the
HCA model (Wichtmann et al., 2015b; Wichtmann, 2016). Therefore, for low values of
threshold strain amplitude it is believed that approach No. 2 is sufficient, because the re-
sults presented in Section Large cyclic amplitudes showed only small differences between
approaches Nos. 2 and 3. However, approach No. 3 should be adopted for higher values of
threshold strain amplitude. In any case, more experiments with strain amplitudes in the
range of the threshold strain and a larger number of loading cycles at these strain levels

are required to identify the most suitable approach.
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Finally, with respect to application of the proposed schemes to inhomogeneous soil con-
ditions, it is noted that the procedures described in Section Analytical approach also hold
if soil properties change with depth (changing soil state variables, e.g. density and stress,
are captured automatically by the HCA model). The division of the soil in layers should be
done in accordance with the natural layering of the soil in this case and the strain ampli-
tude should be calculated with the stiffness (shear wave velocity) of each layer. However, to
get a more realistic distribution of strain amplitude, application of the semi-analytical ap-
proach is recommended in case of inhomogeneous soils. In this case, no assumption about
the depth-distribution of the soil stiffness for calculation of the amplitude of the foun-
dation according to Section Cyclic displacement and velocity amplitude of the foundation
is required and effects from reflection and refraction can be taken into account. More-
over, constitutive models of arbitrary complexity can be adopted in the semi-analytical
approach. Once the strain amplitude is obtained, steps 5-8 as described in Section Ana-
lytical approach can be performed adopting HCA parameters determined for the different

soils, e.g. by means of correlations (Wichtmann et al., 2015b).

Conclusion

Approaches with different complexity to calculate the settlement of foundations subjected
to long-term dynamic cyclic loading have been developed and presented in this work. They
are based on the HCA model, which is experimentally well validated and its parameters can
be obtained by correlation with standard soil parameters (Wichtmann et al., 2015b). The
approach can also analogously be used to analyse the long-term response of foundations
on cohesive soils, using the HCA model for clay (Wichtmann, 2016; Staubach et al., 2022b;
Staubach et al., 2023b). The importance of incorporating a threshold strain amplitude in
the HCA model has been demonstrated. Different approaches for this incorporation have
been proposed, and the need for future experimental campaigns has been outlined. As a
highlight of the presented approach, it can be noted that the analytical approach does not

require numerical simulations to perform the settlement analysis.

Data availability statement

All data, models, or code that support the findings of this study are available from the
corresponding author upon reasonable request.

24



List of symbols

a

dzz,O—)Q

av

Cref

Jo
fampl
fe
fp
fr
I

¢ A
N

long side of the foundation

dimensionless frequency

short side of the foundation

parameter of the HCA model in function famp

parameter of the HCA model in function f,

parameter of the HCA model in function f,

Uniformity coefficient

parameter of the HCA model in function fy

parameter of the HCA model in function fy

parameter of the HCA model in function fy

parameter of the HCA model in function fy
Lysmer/Kuhlemeyer damper parameters
frequency-dependent damper

shear wave velocity

compression wave velocity

damping ratio

median grain size

damper coefficient

fourth order stiffness tensor

average void ratio

reference void ratio

loading frequency

natural frequency

function of the HCA model considering the strain amplitude
function of the HCA model considering the void ratio
function of the HCA model considering the mean average stress p*"
function of the HCA model considering the stress ratio
function of the HCA model considering the cyclic history
N-dependent function of the HCA model considering the cyclic history
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constant function of the HCA model considering the cyclic history
function of the HCA model considering polarization changes

scalar shear modulus
height of the foundation

cyclic history state variable of the HCA model

frequency-independent spring stiffness
frequency-dependent spring stiffness
spring stiffness coefficient

lateral stress coefficient

mass of the foundation

total mass of the machine

factor to consider geometrical damping
direction of accumulation

number of load cycles

cyclic vertical load amplitude

average mean effective stress

average deviatoric stress

radius of the substitute circular foundation
physical time

cyclic velocity amplitude

dimension

dimension

normalized average stress ratio

depth below foundation
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Q@ Rayleigh coefficient for material damping

6] Rayleigh coefficient for material damping
ol shear strain
Ye shear strain in cyclic triaxial tests

003 specific weight of the foundation

Vel linear threshold shear strain

Vv volumetric threshold shear strain
ampl - threshold shear strain amplitude

Vay shear strain component

AN  increment of N-cycles

At time increment

o normal strain component

Exy shear strain component

Ey normal strain component

gPl  gstrain amplitude

€lim threshold strain amplitude

gace scalar accumulated strain

gxcc volumetric accumulated strain

€ scalar strain rate

g strain accumulation rate

gace scalar strain accumulation rate

€ strain rate

P! plastic strain rate

N average stress ratio

A wavelength

v Poisson’s ratio

p density

o effective stress

o®  stress due to dynamic loading of the foundation
op horizontal stress component

ostatic  stress due to self-weight of the machine and foundation
Oy vertical stress component
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effective stress rate
excitation angular frequency
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